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w A.BC_CT

The probl_ t_oat(._l i:_ t/_e fx_:e-f2_c :ibrat-o:_ of a t&l,u

%_r<_Idal shell of clx-cula,- _'ro_s gec._i,un _xd unifcr_ _hi_ki_,s_. 'i',._e

....o.;erni_ equat£on8 of _(Au£1i_,rium _/_e derl .t;d _n Lhu L.'L%[_ ,'>fi_',e'_

the middle su/'fa_e. The straln alsple,:_e_lt _._v/ _:),_z-,,at_redl_pl_ce_n_:

re._,ti<_r_ are '_tsed Lo sh..*e the _l_.r_cnL ssl-aln_, producc_ :¢ _,_xll r k._Ld

bod5: disp_ace_e.nts and r-_tsuluns. _%_e aF_xu'e)nt 0:br_in_ _os'.ult fr :_

th_ basl;_" sss_tiorm ,:f [_'_e's flrst ap]_roxim_-tion _nd .ej_ n_t

_ic_lar to the _oroi_iei _hell. _%e e¢luillbri_._,._ e_.i_ui_i,ns ,.u',9

_,>'.;'n %-_ reda(_ _o I_.,ve's firz;% apvroxi_Lton eq._nLior_u 2nr cIF_u/_'.Y

sl_ ,-_I_, the _.)or _enersti,_, t-_dlus _;f t_ middle _u_f. o_c of _.hu

%_,rol&Lai shell *50 epiyr<mch i_fisl_.

for uimple _nic m_%[oIl wit)', all three c¢>m_J,nen"_D of the i._:'ui:_

f(:rce_. The eq_lllbrlum equati-ms aye _hown %_ _'edu,.e _ a sot <:f

ordinax" d diffecet_%isl eqt_atio.n8 ;i/" %/_e moglon is _ssv<_acN/ Lo ue ::_'kO.:,_e_i

Of .:OL_),le_ w_',eg ii% t_he fo_ of tyi_7.-._t**_51-ic f_ml_bi::,ns i_t the



of minim_ c_atca_. _i_o resu/Ltir_L t_lu_ions _a_e lineer differen_£_l

e_lu_tic_g with _ri_ble cocffic:e_s. Al%h_ the _jen_'ai c].ua_d-

fo_ s_luti,;mm to the,_e equati:,ns we._:c_t rotund, it L'_ e_id,_,nt t_

the dlsplace_aent functio:m _at be contirn_ous _c_-[_.:,diL: _ _ bi_ _ ',,ith

_:ontl:_uou_ pe_iodi,: deri._blves of the same _riod. Thu_ the _ol_tlons

of the equillbri_ma eq_u,tit}us ,_re cx'loress_"4_in 5e_ of c(_ol_te F_,uric,;

series. T%te serles coefflci_._/tg _at sa&is_. t_e 6<_.ux_II_ e(_t_o;_s

were det_rmlned l)&_ _c wcll-k_/_wn Oe]mrkin _roce_ure. _he _sultin_

s<iluti,._as showed that t_e_ _ib_'_ti_s _f _he to,'oldal _Ii _u_

cbarncteri_:.e_ b_: s_u_-ic_i _/ au_Is_m_e_riusl _el-bu, g_ tl_t the

_Ddes and freque,_=les of .ib_-a_lon e/_._ dx-.1_endent on two @h_ll parame._e_'&

cu/"veture. O_e _,f the shell p_,x'n_ters is _h_ rstAu <:£ the radiss of

tl.e •ross section to the r_ius f_a t}_ _Is of _ev_)/tuSion t,. the

cen_er of the c[,_ss sec_io_ _nd _}te (:_%,bx_c_)e_.:r i_ Li_ _atio _f

the s_ell th[_,es_:, %o _!_ radius <_£ %be cz.,._sssec%J:m.

_f!_2sti<_n of _ toroldal _g_ll, r_merical caicu_hlon_ were m_de £,3r

the l_we_ _hree _k,s ,;f _5'_t_,-.Lesl _ibr_tic_ roy sevex_a.t _,alues of

th-_ shell per_%ers, 'i_e_e _iculgtlon_ _ere made u_inc ten _e_ of

t_%ch disp]_%c_nt series. The F_SUltS Of _e c_Icuiatious wer_ used

t(, sh._w _e effects ¢_f t_ ml{._Ll _'s_er_ (_I_ the U.gl_S urg! frcqUen._,

_nd _u _he r_%e of converc;enve of %%,e _e_'les re_ye_i_ _2_ three

co_nen%_ of diol)/mcea_a_t. Xt w_s foun_ %hm_ pea terms of e_ch sel-_es

a_'e _t sufflclen_ tO [nstlrc _i_q_ate cun_er,,ence of _,Le _,_l_._,shapes £_:;r



all "_alue_ uf the ._hell ixu'_meter_. C_i_on of t/_e re_;ults for the

l<_e_t %_ce ax_ieu of viul-ation _dic_t_s tl_t _he uat_l_ _,f the _io_%ion

the i_e cxf "_lues e:_,nsid_r_/, as it £s to the r_l[us-x_tio p_u_a_et,er,

in [/_e Ic_eet mude ai_ro_ch eazh ot_er in _O_Itude.
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IV. _'MBOXA}

_rmmeters in linear ele_nt define_ by equation (]')

coefficients defined in equation (2_)

fle_l rigidity of shell

¥o_' s modulus

shear modulus

sti_ness p_r_

res'alt_at bering and twls_i_i moments in _hell

resultant forces _n _Lid_le sur_mce of shell

principal radii of curvature

radlue of the centa_id of cz'o_s _ecti,)n of s_11

components of _spla_ment _ec1_or

Fourier c_,,A_iciun_s _fiued in equation (i_))

_hic_s_ of shell

unit vectors in direction of x_y_-" coordinates

Inte_ cr_

sm,_ _r unit area of _he s_ell (m - Mh)

e_ec_Ive external force per un£% aA_a_ applied

to at_Ac ,r_r_race ({- Plti + #2tZ +

co_en%_ of force vec%or

position vector to _o_m_ on _ surface

_xi+_j+z

radius of cross mecti_n of _hell
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tI, t2, n

t_ v)w

x,y, ,_

_,B,7

_1, .2

A

V
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P

T_!, TI_ ,T2_

t_

dls _%ance _tw_cn adjacent poln_s in the shell

unit vectora in direction of _1_2'_ coordinates

dime_slo_les8 dlspla_ement functions defimed In

equ_tlon (16)

displauement functionu defined in equation (5)

dlmensionle6u dlsl_la_eme_t fuuctio_s defl_ed in

_qu_tlon (_7)

rectan_i_r coordlnates

parameters in l_r element _efi_ed by eq_atlon (8}

parameter_ d_flned b> eq_tlon (17}

co_o._ent of ehearin_ strain

_e _ker del_

com_onen%_ of direct _traln

_trai_ _n_tlons defined in e_u_tio_ (ii)

ma_, denslt V of the ehe_i m_terial

Foisso_' s _tlo

cur%'iilnear coordl_ate_ Of _.le uurfmce of _hell

po_itlun vector to a l_olnt in the sheet

component_ u£ dlre_t stree_

co_mts of she_u'i_ etress

_t_rml clr_uiar frequen_ of ith mode of vibration
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VI. OOV_ E_JA.TXO_

Xn this eectlon the equations _ovornln6 the vib_t£on of a thin

_a_coidal Lhell of circular cross 9ectlon are discusS. The middle

surface of _he shell is _ener_t_ by the revolution of a circle of

r_iuz r with Ira center a _lls_nce R from %he axis of revolution.

_cti_l of the torc!d with 'the coordinate system used _o define

a point in the shell Is ahown in fib_Are i. T_B the _zltion of a_

point in the shell may be d_fined by thre_ coordir_u_es _il, _2_ a_ _,

wltere _l a_d _2 specli_j lycsition on the middle eurf_o a_ r

_p_cifles the distance from _ mi_ surfe_ alon_ the outward normal.

i_e pogl_lon vector to a _olnt in the shell is _._Iven by

÷ ) (1)

..@

wl_.er,_r

is the unit no.me1 .e..t_,rto the mi_le s_rfmce.

is _IteIx_sition vetor _) _'_.point on the _ie sRP_ce am_

clemen_ d_2. can now be ex_resa_d in _erms of the _or_z_tes _I' _2'

_, b_,_ u_ of ,,_tlo,_ (i) _ (_)

fi'._mwhich we _ that t'he coordinate curweg form an ortho_omal system.

-@ -@ -.)

where i, J_ am_ k are the unit base Yect_rs. The square of Che li_e

r = (R + r co_ _2) cos _1 i + (R+ r cos _;Z) sin _:1 J + r st= ¢2 k (_)



X

Middle Sur__

y

(a) Element of shell.

X

_@ -*

Y

(b) Unit tangent vectors

Figure i.- Shell element and coordinate system.
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:IX the disp]_acem_at _-_ctor i_ _witten ia the form

U - Uit I , U2t D + _n

'_here t 1 _nd t 2 denobe bhe _[t ta, nd,eat vc_t_r_ bo _ne

(4}

_'_•_,__..-c,_r've,_ resl_c_ti_,,ljj thegn the _trains c_n be c_resaed in 6erm_

of _D_- components of U.

_ne Fmalj_.._ _hat f_Jliows i_ _-sed on thin-shell %heo_-y accordi&_

.,,,e'8 firzt apprc}xin&_t±o_ )} lienc_ l _f,}l_ _r_dk_,''' bhe strain-

diQu/_:2_enB rel_tLons _he benlc _al.su_l)tions of _hi3 the:.;fy '_ill De

¢is_as_c_.

_e conventloaal as_4_%ionslOfcf %hln-_heil theory- _ased c..nan

,._r_e_-of-_._....nl_/e co_Isldel'u_ion of the eq_Ailiorlum e_:u_u_cn_ for

ubre_,s snow that_ in b'aL_ _,.senCe _f _;oncentrated s.arfaue loads, th_

. t,x-z:n,_',ez'se n:,rmal s%re_, _, and the _r._ns¢ez-se _.heex stre_e_, +±_

o_ wp_-, are, of _ller _a_:%l£u'J%e then the noz'_l _t_-es_ez, o! _ad

_,:-2, a:_ _ she_,r stress, -ri£ :. It Is also a_s_a_ed t_::t the dlspl_ce_enD

.:_:./l_...nen'uui_ o,iu_-,.tlon('.) ere d_fi_ed as

w = wl([1, E_2)

_t_At is, %i_e d/cplacem_a_.s ira the direction of _;l and :_ var_

llne£:.-ij throu4zh the _hi_kness cf _he shell while the nor_l c<m_on_t

:,i" displ_cement Is _'ons_An_ t.hrou_: _he t%ilckne_ _ I_ _eflned a_

th_ aor_,l dlsplace_snt of the middle surface. Is addle!on _o t_he

XbO'.'e _msu_ptlons_ Love 's first _k_pr_)xh_tion s_ntes blm% _he shell

1_ a_um_ to _e '¢_r} _hin in c_m_rlson _'l_h the: miniature z'adl_s of
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cu_-',atoxe, R2, an_ hencel _/R2 can be neglected in comper£_on with

uni_ in the e4un_ion_ rel_£n_ t_ _ispl&cement_ and _traln_, and in

the equ_ttions re.lat_no _he strees resul_mnts and couples to the com-

ponents of atfaln. It is ale_ assumed that norris to _he un_/eformed

middle _uLrface remsin _oz_sal to the _leformed mi_klie _,_rfa_e _ suffer

r_ extensiom.

coordiaates.

def ini% io[t_

2. The _traln-Dlsg.lacenm.at Relatlon_.._

In crde.e %.') write the straht-displa_ement 1_/m.ti_Jns b._m¢_ _n tlm

_oo'_e _ssum_ious it is convenient to _l_e _e of th_ relatio_ _Iven

,_ l[lldebraztcl, Relssner_ and ._nomesllfor 6e_aral 3rtho:_al curvilineer

These ceneral e-xpres_lo_t_ are besed on the followina

d_ * AI 2 I_ 2 _ d _2ds _ = • dp = d_ + A 2 d_2 _ + (o)

AI _ _i(i + _/RI)_ (7)

_here R 1 az_ l_& are the princi_le radii of curva%urc of the mJ_dale

sur_e-ce and

_i _ ._..-----.

)ii _i

(8)



The quant "Lty
-4
n is de,fine_ by

The qunntltles in e_ustlon_ (8) a_d (')) ca_lbe o_t_Ined in _he notatlen

of the present problem by usi_ the ex_resslon f_r _ in equation (_)

perfor_r tl_ indlca_tod op_ratlons.

aI = R + r co_ _2

_2_r

R + r cos _2 _i

cos _2 _s L2

R2sr

> (lo)

stress-strain rel_tione for Love's flr_t approximation of t_o

torold_l shell can m_ be _ri%ten u_In_ equ_tlon_ (3) and (i0) in %he

,,enex_l _trese-s_raln re!_tions _iven by equa_iono (45), (_), and (_)!I.

These _ubstltutions _Ive the follov_ strain-dlspl_ce_cn_ and

cu_vature-_ isplaceme_t reL_%io_

Vl _=I wl = {Ul_ w cos _:vI sin _;_-+
h

_-:2 =
_i_'_z _e agzkr] + r

(n)



÷

1 '3 _1 _i v_1
÷ _ -- 41,

_,I_2 o.1 aiz R#;3:z
÷

r

_ ¢,,A. oo,_ ___
•I" J

r a:_\: U
_._ ____.

J

the (Lisl_lncement ce_l_)_nt:_ f']z" e shell Of _O_et:_u%_. _hic_se_ h

<'_,v/+_L_t_7 +

L <_- t,r) o.1 V/]J
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Mi_ _"N21 " Ghyl2

2 I - v_L_ 1 _I\ r/ +

Mil m
Zh-

(Xl + w2)

i2(i- v_)

.In_.2(_i.)
ai \r/

÷

_3

m(i - v_')

• r L _I

,':12" _I " G h-L
12

m . - .. %). .,. --,- ,il. • -

2 I_.(_ - v_-) b_i\r / ai _l,_2\r/ r

/

In eqtm%lons (li) aml (12) E Is Younc_'. modulus of elastlcl_# G

the sheer mo_u.laa Of %he m_terial_ .,umd _ is Polsson's ra_io.
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J
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_Ii . _21r sin + o.I + _IPI + _

r sin _3 co8 _2 _ - 0

_412
_12 _N_ "o + l_,iP2 ÷ "

Cl _422 MII sin %2 0M22 sin _2 ÷-- +
r _

-Nllr co8 _2 " alN_ + r_Llq + el ,_)_i _I __i

+ _n _2 +r S_ _

Mil cos _2 = 0
( )

%_e s_bstitutlon of equmtlon (12) into equmtloa (19) resulta in

the f:_llo'_in_three equiiibri:mmequatlons in ter-_s of _he three ccma-

portents of di_pl_ce_':_



!'(m

2 "i

-------_'- v _I sin 2L2_' + ---
2

(z_)

_l_r2-{_' ÷ (I - _)r_12 zin _2_ - r-_12 sis _2_' + =iSr_ ''-

_--i (i- _o_ z, )_ +--[- r_i; - _r_l_ _o, _,, +_,.iSr_w' -

r)_. l, sln i_w + _ sin _C2w * vr_12 toe _ew' + l

r'_. 1 r_ I ,..-_ - _'_ ,,2v--- "_ - -- (I - co_ _2) ro.-,.-_ia , ' -

r_i---(i - co, e_e)w' - ,,i"_ ''' + v(:_l_ _o_ _.aw'- r _ _i_ _; - r2=i_ ') -
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J

cos _Rw -

I ZT 2 2r 2 cos 2_2 _ r _1o_15 _i D o12 J

÷
_r sln _2 r si_-,.2

_':i; _12

2_ _£n g2 _7(_i2

•_ 1 .. 2 cos _2

r _I _I r

K

h

ill I_he thAcknm_s ,_ tl_ lilie11. Also in e41u_lon (IG) a prime denotes

differentiation vlt_ respect to _ _ a dot denotes dll_erent_atiou

vl_,h respect _,_ _1"



The equilibrium equations (16) cau be written in term_ of

dimen_lenless _uantitiee upon int_,xi_etlon of the foll_In_ parameters:

R

= r/R

7 mh/r

D 7 2

The i_trod_ction of equation (17) into eq_tion (i_3) and the com-

blni_:, cf lime term_ of u, ,'a and w _ives

2 2 121
L,.

,..... l-v p+

2C 2 5

2_2_,1[U,, 5 - V÷ CO_l

_% ',in
;2 .12

4-

© ,-,

72 I- w

12 2

[-._,

12 K



w ÷
,_-'+ vp_= coJ _e + "_L _

Wl ÷

K
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_u o_der to obtaln equations (IB} in the present form fr_a

cq_tlons (£(i) _se wu z_ of tim ass_t£on i + 72 _ I W_tah ts

bselc in I,c_ve'a £1rat _£aetlon.

4. _ &_u!llbr!_ _tlc_a or t_e V_bration _f _ To o dal R_e

For the vibrations of the ehell, equatlmm (18) _n be ueed

dlrect_y if the externeA £or_e term _Iven by equation (13} la wrltten

in _erms of tim Inertl_ forcee. _ three c_zmn_ of the inertia

force are

= -_ ._ _ _v
bt _ "

(l_b)



Is order to ob%ain the naturnl mode6 of vlora%lon, it i_

sufficient to _s6u_e t_mt _._ stru_;ture is vibreti,_ _ _Im_le

•._hai_ni_ _tlon in a_ch of the natural modes. l_aen acceleratlomm

,x__ b<_.",;rit%enin te_ _f the _i0Dl_cem_nte _d tlm sq_re of the

_:_%ural circular frequencD, '_. The inertia fol'::e:or_ix3nen%sin

e:j_io.us (19e) b_cc_

q _ wnz_ 3

'Fne equilibrium equnti,.ns for the vlbratioa_ of N'_e ghln toroldml

,.d_cllof cc,%_%ant thic_._ss si'_ _.Iv_n b_"equations (10) with _ three

f_,rcc co_on_nts ex_res&ed in %exm_ of %he Ine_-ti_ b_ cqu_%ion_ (12b).
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VII. _'_._ICAL _JLUTIC, i_

In thlz se__tion %he imr_i_ular problem %o 0e _olved is defined.

%_,e toroldal shell Is conslde_d to be a cou_plete %_ruu t._mt is unsup-

ported (i.e., Is In _he "fre_-froe" _ondi%ioa) a_d 18 viur_tln_, in

iacuum _Jith nr_ pressure dLfTer_l%lal across the shell %_-@u_ut the

t_.,r,As. 'i_e dlmensi%,ns of th_ sh_!l str_ture _re _a/&en t_ ue con-

sl_t_at with the a$sua_t_oD_ o£ thin-shell theor_j ar_1 Love's flrst

a_proxlm_tlon as expressed In _:b_ster VI. i"_e ratio of _he mindmum

radlus of curvatur_ %0 the _hi._'_ll_OS of _he aheil, Eh - 7_, is considered

to be _3re_ter t_ lOO ar_ _,e r_tlo _-- _ is co_slde_:d to lle in

the range 0 < _ < i i_ such _ way %hat r al:a)s r_i"?,_ "tnlte and

c<;_tlble w_h the rest_'ictlon :;n 7"

Zse problem of de_ermialr_ _he amaly_Ical expressio_ for _A_e

m,..des and frequencies for the f._=_-fre_ ,;Ibratlun _f _he toroldal

uhe.ll a& defiaed aoove I_ the suOject of th_s chapter. For these

c:_luti.)_s the vnl_ r_striction_ on _he dls_l_ee_ent_. _ure _hat they

_e _=oathl_ous functiO_ of _I _ _.2_ s!_c_ the _D_II is sosumed

t%: _ cou_l_uous, closed, _um uzm_ppor%ed.

T_m fetus shall defln_d in _hapter _I can be shown to iLm_% _o

an Infi_tely io_5 clrcu/sr c¢'ii_der as _h_ radlua R _c_m_s very

farce. Hence it is reasonable to eX_ecl_ %hat the eqmtllbr_um

eq_,,tio_s (18) sh,m/ld limit _'.' the well known equations for a

circ_iar cylinder _cor_i_ _o Iz;vc' ; flr=% approxlmatio_,9. In th_

llmitln_ process _2,e i_d_pe._enh waIlable, _2 re_i_Is u/_chnn_e_ b_t



%he varAmble _i %ends %uw_-d the lo_Itudinal co_>rd!n_ x and

the followln6 relatlons hold

m_ l = R(_ + _ co= _._)d_ -1 (_)

where I% is ,_e_n _t x dermis ,%3both

o£ the v,.u'ious ten_ in oqu_tlons (18) as

£ollow_:

_I and _2. The _l_vi_r

R -,_. can be expres_ _s

llm ---_= llm
_-,,_ _._0 (i + _ cos ..,_,)- i

_._--___/,.,_._ . -,

with =ta!l=_ expre_elo_ for %1_ other terms in eq_tlons (i_). _Znua,

if _e _erms in equatlom_ (]_) t_% &.>n_In derivative& with respect to

_I eu_ multiplied sazd di_Ade_ oy _ in accoz_uzce with equ_iona (_I)

sad the Itm_t _e,, a_ _ -_O, _en the foll_In6 equillbriu_ equations

for t_e clccul_u" cyl!_er ar_ oO_alme_:

i + v J_ uI

+,__-- ..... ÷=_\_--r-6 • +

£
KP2=O

(z__)



_u I 3v I Wl
¥ -- ÷
d_ r-3_ r

39 vl._ r------ ÷-q=O

r' _._SJ K

(_)

'Z_e:_e e_uati,Jns ca_ be obtaiaed directly for %he cir_ui_r cyiln_er frQm

_',e relmtlons _i_en for Lo;e's first mpproxi_mtL_u oy Hlldobrend,

ben_l_4_ te_'m i_';olvi_ _'I _-n the _ird equstlon of eq_tlo_ (22)

is _t the _m_ us lu _he expressions u@_al/4 ui_en for _l_£s set of

equ_%icm_. (Sere Tt_>sheRk,_, _e w_). ) A similar &!_a_ion was

fo'_n_ _u eXlSt for <Ircttlu_ c_li_d_rs b_ F_3 _ i_ was shown that

%he eff_ on z_umerlcal results is ne_blislble.

,/._. Small Ri_id-Bo_ Motlo_

I% is well _no_n tl_t _e's fLr_ ap._roximation theo_j contelns

an £ncon_Igtency In _at_ _ce)% for %b_ _cl_l ca,ge of e_Isymmetri_.

l_tdi_; :)f s_ll_ of revolutlon# the sti_Inu do net vanimh for smell

fiLial-body motioa." _his inc_msis%enu_ of Love's theory i_ dlscu_

in a recent _per by r_us_er_ k. For _ In'esent problem the apl_rent

.trul/_ %liar result from rl_id-l_x_y =ot_i_)n_ of the toroidrl shell are

iLlustre_e_ by _he followi_ _les:

(a) urmt a!s___-m,nt _,.,-_u_]. to a.I, of =_;_.- _m, ais-

pla(:ement -,_e_tor of a poln_ on the middle surface of the _hell is

_iven by

U=k

= cos _2t2 ÷ sin _.2 n

(_)



For _hls displacememt the strains _lven by equat£ons (11) become

(_b )

(b) U.,_Itd_s_1_mnt, c_nl ._ ._xls.of.e_tr_.- The clispla,:e--

ment vector of a point on the middle surface of the 8hell dun _o a

unlt disp.lace_est in the x-_llrection is v.iveD by

= -_In •itl - coo ;_.isin :r,.E,?,2÷ uOC _I COS '_;_C'"n

(_)

_e ap_x_rent str_in_ due be their disglace_nt arc

C1 " _2 " 7.12 _ K1 = _ " 0

}= r_ _i _tn ?i _In ".2

(_b )

d_splacement vector for a l_,int :_n t_e mld_lie surf,,,ue i_.

hl = "_I sin _i i _ _I cos %_

-@

and the etr_Ima ._Iven b)" equatloas (II) for tbis motion are

il " _2 = 712 = KI " _2 TM 0

R sin ',_

ra 1

(_9_)

the rloid bc._7 rotation is taken as a rotation atK>ut the x-axls_ then



the vector displacement of' a point on the middle etu'face of the shell

to _iven by

U - -r sin _2J + % sin _lk

apparent strslne resultlr_ from thlc _tsplace_ent ece Liven by

_I = _2 " 712 " K1 " K2 " 0

R
v - --- cos L1 cos _2

(_Sb)

. _evelol;ment of the aOlutlOn

The equilibrium e_u_tlons with the i_r_ force %enns from

equations (19b) can be :_tceapled and reduced _o ordlnax_ _ diffe._eatial

equatlona in tlm eir4gle variable _2 and a wave number _r

alon_ the 1Atz_th of the torUS, _ie uncoup_t_ can be a_ccu_lished

_ wrltin_

U - U cos n _i
v = V ale n _i

w = w sin n _i

n - Z,2,_,... (27)

where u, v, aml w ere functions Of '_2 one" end n repremente the

number of complete waves in the ;-.Idlreetlon. If equatlona (27) are

Substituted lnto equatlo_ (1_) with equatlous (1_) taken into accuunt_

the equillbrlum eq_mtloem take the form

r2_m " 72
le% A2 _ T' 1 + " 1 , and _,_-



where

_'i = h _, - + - 12 cos _.- + _ .i + cos ._) -

I - _ .-.G' _I

72n I.



where

C1 " -(± - v)n_ cL'2sln % + 7_nF 1 + v 5 - v
-iT_L 2 _"__ _

i÷ W
C,_ ,x

12

C4 e ._k,_ uln _

C-" = _,-'+ v_f' cos _ , 12L2

72
Cj - - -- _5

i2

a._ld

_z:3'"+ _"" - o (_)



- :_0 -

'_he: e

72a In _

1 i- v _I

r.,

.w,

- _# cos . a_ . i_22_ 4 - 2_4n2(I -



ix

The cq_atlons (_8) are seen to oe linear differentl_l e_uations

with v_rlaoie .oeffi.ient_. In these eq_tion_ the die]pla=ement

fun_:tion_ u, v, _d w _m_mt _ _ontinuous functions of _ and

the slope of the middle _:Arface of the shell mast also be continuous.

_her_fore the displacemcn_ fLt_cticns and their derlvati.es mu_ be

_ontinuou_, periodic fUn_tlo_ of _2 wlth peri_t Rg in order _o

satisfy" the condltluas on the problem under ¢on_Iderstlon. Even with

this iaformatlon it seem_ hi_h/_, im_rob_ole %hat General soiutitna to

_quation_ (28) can _e obtalued. _owever, the dlspL%cemes_ fu2m:tios8

Latisfyi_ equmtions (;/_) could De emj_ected to _ ex_res_ole in term_

_f Fourier series. Let

Q

a o
(a i cos £_2 + bl sin I_2) +---

V i

W n

i=l

!

co

_0



.. <-

whe_ the coefficients a£' bi' ci' di_ fi' gi' ao' Co' and fo are to be

determined %o s_tls_j the equill_rlum e_iuntlon_ _ the oaditluns on

the dlupiacement fua_ctlons ;_ntloned abc,;e. The substitution of

cq_tions (2)) into equations (,:_) Lives

ao BSi2a£B 1 -- + ) (Bla i ÷ B[_IbI - ) _os I2 + . (B_o i - B2ia i -

..,U

(!e_)

C I " + , (Cia I + %£_i) _,_s 1.2 _ _ (Clbl " C_,ia£) _in i _i: +

.. , (._)dI _,_i i
'' 2---÷__,) (_"j_l. + C_1d1 - _)£ ci) cos i_,_ +<_,,._. - -

I i

jpi_di) sin i&2 ÷ C6 5 + ("_fi + C71'_1 CSi:_fl )i-'_;1) cos i::2 ÷

. C812_i C)iSf!;, (_.: - c7_fi - + ) ,_ i_. = o (_Ob)



- r_> o

_£) "_ r '"

D1 ......_ + _ (Dla £ + D2ibi - D)i2ai) _os £_2 + \ (Dlbl " _21al "

cO -_(

(D_+di - D.9ic£ - D_3icdi':_ ÷ DTL% i)" sin i_&. + D8-- + _ (D_fi + D)I& i -

l

Dl0i_f £ - Dlii3_, i + Dl_!#fi ) co_ 1:_2 + ,,(D_i " _£fi " DlOi261 +
,J

l

Dlii_f i

%qtus the dlfferent_l equati._,n_ (28) trove ucen reduced %e a _e_ of

equa%ions [n terms of the variables sin I_,_ _u_d ;:as.i_2. "_T_ese

e_lu._o_s sre seea t,o be nunll,ue_u- In _he_e v_riable_ sinc_ _e

_x_fflciea_ aeZined in eq_ion5 (2_), _ha% is, _he B_'s, Ck's ,

_he DE's, contain powers of 5he _ri_o_metr£_" functloas, i_%e form of

equ_%lo=ls (50) makes i_ all bu_ im_>osglble to solve for the coef_icient_

ai, bi_ ui_ di_ fi_ am/ ol dlrcc_l_} howewer, l_ _mlld be expected

the_ t_ nm_ure of the golu%ioa w_gttld ¢han6e but ver_ li%_le arouI_ %he

tutus, _ is, as _2 varies from O _u 2_. Thus %he equatluas (i_0)

cs_ b_ satisfied on the avcr_Ce and the solutlua be ._uffi ientiy

sc_.n.u-abe to _leflne the basic e[___rttc_erof the vlbrat£% torrid, l_e

s_lutlon _t2zetfollows l_ _ed c:u the well-known Oaie_-ki_. method.
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Lf the equation_ (.._:)are mnl_Iplled In turn bj sln 3_2 _ by

, , ",. 2_ then sixcob _2 and latecrat_d o',mr the Interval 0 <_ ':__

equations will 0¢ o_tai_ whl._'hare written as

J,o
i

(Biao ÷

(3_)

1

JoL(:_21bi ÷ _c: + tll..i) co:, i_2 .in J_2 d:z + -_'JJo
B_o_ uin J_2 d_2 +

Io :.

(C21_i + C5cI - Cgltci ÷ CTiC i - CgIL_ i) cos I_2 co_ J_2 d_2 +
Jo _

1

1

:Jo



- _ -

i

f _, sLu _2 d_2 +

A
t: Q_

•J_,. _:,2 +
0

i

(-C2ia i + C_d i ° C_i_ i -

C7tf i + _jl>fl) sin 1_2 sin j_, d,_2 = 0

JoL
i

- Diol_fl +

(-D21a i + D_ai - D¢i2a i

_)lf i + Dlli3fl) sin i_ co= J_D d_2 ÷ (Dla o + D_o ) cos _L2 d_2 " 0

(_e)

1

iScl _'" " DlOz _i +

2_

i)12t46 i) sin t_ 2 sin _2 d_2 + lj Dkc o sin J_, d_ 2 - 0
2 j O

C_)



- _-

In order to obtain equatioms (_51) from equa_ion_ (30), the l_vers

and products of the _r£_m_ometri_ tern An +J_e coef_iclents Bk, CM, an_

Dk were flrat re_o_ed by the use of the relatto_ for the £ntedral powers

of sine and _osine such as Siveu Im s@ctlon 3.180 r#f Again67, and then

use was ma_e of the expressions

Jo

sin k_ cos I_ cos jt d_ = 0

cos k_ cos i_ sin j_ d_ - 0

sin k_ sin &_, sin j_ d_. = 0 J

(_)

for all Inte@rml values of i, J, an_ k.

By us1_ the relation

=_.,, i ÷ J k, or i - j = _, or J - i = _)

(3._)

21
i

Yo

=_, i + J = k or j - _ = k

K

--_, J.- ._- k

J - i



i
i
]:]



-_$ °

_. 7_ '-_

__C_ _)- _

i2L 2

_;_ -_I_ _'+_ +

)C_ -_ _.),_- 3

+_ _ %+ _+l_._+2

1 _1 I) -l'-Z--'__-;'_+

+ _ (_ + I#')(_+ :_)
2

+_L)+



2o_ __.z__.C;__ ÷ _)(_:
t.

2 a \2

41"



÷



- 41 "

+



_;-_ _o.,I.,.

:to - o (_,_.)



4.



vP +



.,_ -

. _) . _P-(j._)_



- ,_6 -

- _'(._- _) - _._C,_

_ l+V

n__- " __I+ v I n_ _j _o + 13+ , 2_ 531 +
•_3 - v
_L _:

C_)

÷



÷
12

2 i_L 2 \_

i_ L 2

2

+ + - - II =j+_ +

8

÷vl+

.).2_

+4)÷
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_- 3)2+(_-3 _3d_.3* + - . (3-J)+ -

t_j - ,,)_+gJ - ,,.) ,'%._+ . +, _. j) + .,.
l

-12 + (7 + 6v)l_2 + _l + v)__'

_L
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÷



+_) +_-{J + 4)2- 4_(J

÷

÷

where



,--T-- 132 +._

2

1,:- L i_

" - v 1 41_+ 2 133 + vf_ + a'_135 + 513+ ::1_5 _I1

2 _-. 8 _ Lo

+ D_+ _ - i-I13 e- /_ 3_._ +_ - Fag_"
2 ' 12L

;_'nI_ - (D + _) t'o + " _'

2.Y. :_%-'+ 31_- (_5 + v)=_i_ 5+ 6_5 + v_ _'l + (_z' :l) It:+
i2

- (3 + v + 5_ 2 + 3v_2 +
...._.¢,:L+ t_ )- v_(_+_)- -.



The motatlon u_ed fa equations (34) requires that the foilowlad

_" and fi in orderres_rlc_loa8 be placed on tlm coefficients ai, c.,

t(, _e zomslstent with equatlon (2_).

dj. k -,

fj-k _'

J - k< O or k> j C3_)

1"k.j - o

k-J<c or _hk

_t is, the series assum_ in equmtlons (_)) ao_s not £nclu@e

• _¢fflciente wlt_ ne6ative sabscrlpte.

_Fae Inte45rmtion of equatlons (_ib), (31c), aua (31f) u61_

equati:,ns (33) lesAs to the fo/_h_wln6 equations for the coeffi_lente

01, el, and 61 of the antisy_metrlcal case:



- >4 -

÷

-7@ _o_ -_,_

2 2 2_ J2

2 2 L? 2 [_ +2

+_ - (_+_,_.)(_ +2) + _,.<,+_ (J
S.

°9"_°_"""_e'_'_+ "")_.'-_)-



/

.j_.-_-_. _ (2- -_

. (_2 + 2_,)(2 - J) + ,82 + . 13 (2 - J) b2. j ,IF

÷

÷

_ . _(_ + _) ÷



+ + 2 _'

2 8 2 12[__

" ° 2 io

2 _ t3_ (J + D) + bj+:_• ,<

FF_

i + 2"'- --'---- _J +

- v_::!.+ _._ u. _+_ n(j
_---[_ ,, ....

+ z2 L ,: _.

÷



- )7 °

. l+__..Z_l@_(j ÷ _) + 12 L _ 2 "2 2

+ --F- _

7

_-2 "

_2-j +



2

2 . j) - I)4(2- j)2__.j ÷

l; "_ . ¢j+3

_j-3

° I),W +

z + v)Is)-

÷ 2

÷

(,.,_:,_)

÷



- _) -

2

i+ v li2(j 2)_
2

t b ÷_ - ± - v)n_2 + "-"-'- _z (j . 2 - '.....J 2 2

,bj. 2 1 - v)_ 2 + I +.__.Z_ _2 (2 . j),., + 1_ h _" 2

.__- o2(2 - j
2 I!__ ._ + i+ _ i _3(j+ 3)_+z__:-zb2-,,I 2 '_

i+_..zi )__ _ i" v_'+l+----Zv !P-_(3" J)n"

_3 +

_3 i+ _, i _3 (j- } - ._3 +I ..__..ZvI p3 (_- j),,+- -------" "," 2 E
i_ L 2 '_

i2 _%-- _' + -"_" _

_+ + _ (J+i)-

+ _ - i+3v)+_" "

.j)._2(2. j) _2-j +

2
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i+ _,,2)_2j ÷(5+ 31_2) _;j- - 3','v)i_* "_, v)_ (J + Z)-

+ l)2e I)_+ ¼ _)(J

2

2

(J - i) 2+ P +¼_ (3 - Z) +

E ,t)Ik _:d

÷

+ _,)i_2(,j - 5) +

÷

÷



- Ci-

4-

(36b)

+_._ - (_+ v)_- z- ,,a2._52

=c



q-_ - i;-+ -

Zi,[_(_,) _ _r,-_-(-I _)÷ i_2÷ i ÷ v _ ÷ 132 - I ÷ i__ + (2 13e +
2 LI.L 2 _.,-

_} C_o__) ,)l;JS (J +21- +,:_ (J +

(-I _,) (_ '1 (-_'-z.,. _+ _+_ (2-j)- +

T i_L _ P_ +

_s (2 - j)

÷



÷ 3(2+ v)p_÷



- tS_. -

z + _)_ + _.(__,+ _)_ .



+v)p 3÷_+v)p-_(_,_+ _I_3)+

-vp_(j-i) _.E(i ÷ v)13+

+ + - I_ .m. + I_ (J - 2)+



+ - 501 +

The vibration of t!_ _oroid_l _hell i_ ¢_etel_f _efir_ by

equations (_) an_ (_W_) within the _t_ i_o_ by thin shell theory

and Love's first aI_mation, It is seen that the_ e_Lu_tlonn are

dependent on three _Sj two o_ the parameters_ _ _nd 7_ defend
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_n the _eometry of the ahell and the third parameter, n_ _epends

on the number of complet_ waves in the '1 dlre:ti_n.



Viii. _.;U_,',I_ICAL_wXA_I'I_

Althou_,b _he _ur_l _ n_1)e_ a_ fr_q_nc:ies ere _efl.J_

the nature of _he _o_io_ in each mode c_ _,_ .4_ir_ Dy direc_

examination of _hese equebIc_s. In this se,:_lon the remo.lts of

nu_ori,:sl celcul_tlons _e pr_.ueabed for several z_lue_s of ÷2,_

parameturs _ and 7 _l_h a - i and these re_ul'bs -_re use_ bo

sho_ 6r_phiuall_- "She _a_,_re ._f %he i,;west mo_le of v!bra%i_s of %he

_oroldal shell. 'Phe6_ ,-slcula_i reuu.l't,o are lu_ended _p i21u_%re_e

_h_ r_Dure of the vlbra%io_ a;%_ do I_,-,_, .Incl_Kle _}ii _er_l_._sible val_eu

of the shell _m_%ers_ a,>,"are _he ro_ul%e _nten_d to cover ell

Ix>ssible sheil conf[6_r_%£oas or _x_s Of _ibr_%lon.

'_,e oq_%ioas (_) for %2.re8b_me_rlca! _Ibra_,i_n_z _ere. _sed fo_"

%_.e 2_ic_,la_ions _)f _e nu_eflcal e:_m_ples. Solu_los_ %o _}_e

e<l_a%lons were oi#%alne_ h# use of %he _ 7_ com_uter ah _he lan_le)-

Resee_reh Cen%er of _e, r_a%i_ml Aororau_les end 61x_ce Kdmlnlst,_'_ion.

A_ %he Lime. _he uo_pu%er was e_ailable 1% wee s,_,a_w_._a_limi%ed in

sbcrac,e -'ap_clt_ d,.,m_ tu p_r%, %o a clmn_-e o_,_r h_ e_&ul_% and

relc_,:etlon tf %h_ fRcl].!%les. _T_e naCu,'e, of equations (5_) wl_h _he

freq_e_c_ _%er ap_rit% 6 _n _.>ff-_i_onnl _.lem,e_n_s @,,c_ n,;t petrol%

%he u_e of ma_ _ Sl,_b_I'd _chnique6 for determin_ _he r,:/ot_ of the

fre_u_ac_ equation b,y Oitli%ai co_%ers m) thet, _.__0ejor fec'_r 'Go bu

:onsidere_ lu set%i_t, u@ 12m pr_iblem "was the _r<2vt de_emalr_n_ %lint
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TABLE _. 3"_._I_X_COEFFICIEB_ FOR _ = O.l AND 7 = 0.01

(All _oeflri_lent=n'.',r_1_zea_., ':o_ i)

(a) F_8_ mode, XI - 0.006_D88

d a_ dj f_

o
I
2

4

5
6

7
8

1.000000
-C._D_O_

•_Z_
-.Z7_78

.OO_260
-.010266
.0OZO74

-.000006

o

_Z.688ZO

7.4_GZ_

-.3166_
.e63_7

0.8_01
Z.Z_78

_.O_

z.'/880
-2.I090

(b) ,_.,_,a :m_, x_ - o.oo97_o_

o
1
L

o
7
O

1.oooooo

._01_>6
-.S6Z_6

-.1O887:>
- .O00171
.007&_7

-.000_)_

dj

0

_._
•_'M_zt

-. z6_

fj

0.83_)
-.7_6_

-75.87o7
z>8.DTZ7

-5_,6_
-1.0801

1._:,19
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(a) Flr.t _1_, A1 - 0.0}_2>_0

0
i

2

6
?
8

1.000000
-0._
._

.0_Y_76

.0o_
-.0011_

0

•_T

o.7_

7.81_
-.D_
-6.J_717

1.8%07_
-2.11S_
-.0_6

o
1
2

T
8

.6=ao8_
-._i_
.o668_

-.0_181_
.oo_78

- .oox_5

o

._T_
•_T

-L_6o867
-.o_
._787
.0Z_078

o.779_0

- z_.. 60¢xaz
U.O_7

.1_9_
•-_.887_?
-.0_7_



(s) 7Lrmt _, _I _ 0.0_T2017

0

I

2

6
7
8
9

._9_
- .._I'_T

.01_

-.o_vl'
.oo_'ro
.oo_

- •OOJJYd'.l.

0

-.7_Z8
-.01667_

-.US99}

._

.oeo6_

•760.707
.._
-.21_107

0
1
2

6
7
8
9

.0Z_712
-.OOO_T_
".O(X)90_

0

1.2Ll92_

-._

,017886

•1_7a59

-_.;_7o

-. 0_'_
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4. _ISS CO_'ICI_B FOR _ - O.Z Ai_D 7 " O.OO_

(All _o,fficteut, r_onm_i_ t.o _o " I)

(_) First _, A1 - 0.OO90011_

j aj aj #j

0

1

6
?
8
9

I.(>3OOOO
-O.3_"9

.o_)6o

-•o'_7_
.oo1167
.oo_,_I

-.ooo9o8

0

.9_725

-17.ooo_o

-z_.ocW_.z

.06_

o._k319

-z34.aT)o

7.7z78

O

1

2

4

o

7
8

9

l.OO00(X)

._

-.o)_
.ozS:_S8
.oozSz8
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dlspis<:e___n_. _ di_p/acemmnt vniues _h_..wu in f;._,.u-ea 2 ti_vou_h _

_rue dcscrlp_lon of the ,_Dde si_) b._e_,._.r, bi_e mode& in _helr

<_f inc_easlng _he Dh.[ukne_u of the shell %_r,._ lucr_aslyK., vul_£_._ ,:,f

'7 wiDh &he radius rn_io_ _, held cons%a_%_. _qe _-esults al_o £ndic,_<:

%_t_ for rer, m)r_able .:o_%ver_enc_, m_re %e_m_ uf ea.::h sez-ie_ (e_peci_.ill. '

for :'_i _,_z_d Wl) ma:e required for ,'e_'y _hin f_ell_ (s_'--1_llvalue_ 9f 7)

than for "_.a£ue8 Of 7 near 0.C1.

.._e effect of inure_.s_ the w_lu@ :,f _he z_dlus ratio, _ is

_houn in fleSures _ _hrou_ ,_. _h_nlr_tlon _f *_he_ fi(..uz-eu a_ well.

as the serie_ _oefflclen_s also shows %hat ::on-,.er<;e_Ice .:.snot as _o,_

f..,r iemi;er ,glues of _ as for _ - 0,i.

I% IS of Interest _0 l_c,t,,e that, the relatl_e ma_nlt_ldes of %he

d[spla_.c._nente for each case l_resented is ch_,nccd "_,zrj llv_ie wi'&h

rei._:.tl_:ei2 l_r,.e chan_e_ in "hhe values of 7- _C e%Tuc_ of _ <_n

_be _'clat_ve _q._n_udes of displacements _s _een _o _e _ui_e dLffer_nb.

As 0 [ncrea_ee_ %he dlspla:-e_en_ _,_,:ome more _:ari_' %he _ame In

_L,nltud,_ wlth u_T_% x an_ v- 1_vin_ _ar_ r equal _alues for

= C._ _here_e the value of vl_._ I_ el_c_h_ _Im_s as lar_je a_

ul_._z for _- 0.i.

A_ a check on %h_ conver6ence of _l_e frequ_ncj lw_reme_er, the

:zal:.'u.bstions uer_ repeg%_d usin 6 ei_h_ _rms of e_%!_ series _u_d usir_.

r:Ine _ermg of each s_.r_._s. _e m_&ul_s of %here cal,.ul_it._ns



c_.._nred with tbe_ re_ul_s uslrk_ ten terms _l_ bhiB c_-is_n is

pre_ent_i in table 7. Fr_ titis rcsait it i_ se_:_n_l_ t.he _mxi_J_n

dlffercnce between t_ frequency" psrsa_er_ for a ,_i;on _:_ is less

t_an I0._ peruent. T_Is difference o_:curB for the _2t!rd mo_e with

= 0._ _ 7 " O.Ol w|_n t|_ results for ei_it _,r_,'t_ _u'e ,:,_red

wi_h the r_aults for ten teresa. For _his sa_ _%e hl_ diffet_nce

is Oa_ _ percent whea the res_tlta for nine _e_ are cu_t-_l with

the results for ten ,,er_. _cz-ees_ _he n_b_r uf terms in each

met lea from ni_te to ten e_fects the values of the f,_qta_nc_ l_srsme,ter

b_' less than 0.9 l)erce_t for %_e nLne cn_e_ ;resenSe& i_ "hable 7.

C::_nver_ence of the fr_quena_/ parameter Zor _he _:aBe u,i_h _ - 0.i and

7 = 0.01 ahown In taole 7(a) i_ ,_er'j6ood since t!m d_ffe_-ence shown

in _e last _olu_ iS i _rcent or les!; for 8L! three _z_des.

'me numerical r_sul%_ pre_nt_d h_rein }_e,_el_r:)_[ded Info):_%tlc,n

<)n %he effects of %he .hell ;_uramet_rs _ and 7 on the frt_qt_nc>

l_tr_meters for the lowes_ _hree _es an_ %he _)de shapes for _he

ICY'eat mode of -¢Ibra%ion fer the _oroidel shell. _he rest_l_s nlso

_h(_a %hat a lart-.e number o_' _crm_ _2 %he serivs :i';:;r each displecement

is l,_qulred before the mo_e'm sha_,_z _re known a z_:uretalj. As weird

be expected, the converzence for frequen,-'_,pars_e._er_ t_as f_)_und to bc

much better than con_er&en_e for mode shape.
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TABLE 7. C_JmCg OF _U_U_4_ P_

(a) _ - 0.1, ? " 0.oi

kl

X_

8 _;en_

0.006_2>

.009768

0.006_

.o09777

.oly o6

10 %enl
Pm_t, dLfference bet, we_

.01_ _

8 m_ lO l_-m

10

1.3

2.3

9 m_t 10 ter_

0

1.0

(b) _ - 0._, ? - 0.01

AI

X2

x 3

8 %lre'u

o.o3_61

.O&igl

.06671

9 %ezlm

0.0_80

.041_6

.okg_

10 tenm
Pez._m% dLf_'u,_nee between

o.o):)96

10.?_

9 sad. I0 %_

_.0

(e) _ - 0.9, 7'-0.01

A1

X2

X_

8 t,e_

o.o61_o

.08_o0

.I_9_

_ &_mms

o.oGoTJ_

10 term

•erc,,n% d_ference be%ween

.o81'D

.o9_3_

7.3

_.0

7._

9 mm i0 t_z_g

6.1

3-1

2.4
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